World Scientific

and Related Topics
www.worldscientific.com

Vol. 16, No. 1 (2013) 1350003 (17 pages)
© World Scientific Publishing Company
DOI: 10.1142/50219025713500033

Infinite Dimensional Analysis, Quantum Probability \\’

INTERACTING FOCK SPACES AND THE MOMENTS
OF THE LIMIT DISTRIBUTIONS FOR QUANTUM
RANDOM WALKS

CHUL KI KO

University College, Yonset University,
134 Shinchon-dong, Seodaemun-gu, Seoul 120-749, Korea
kochulki@Qyonsei.ac.kr

HYUN JAE YOO*

Department of Applied Mathematics, Hankyong National University,
327 Jungang-ro, Anseong-si, Gyeonggi-do 456-749, Korea
yoohj@hknu.ac.kr

Received 17 November 2011
Published 24 May 2013
Communicated by F. Fidaleo

We investigate the limit distributions of the discrete time quantum random walks on
lattice spaces via a spectral analysis of concretely given self-adjoint operators. We discuss
the interacting Fock spaces associated with the limit distributions. Thereby, we represent
the moments of the limit distribution by vacuum expectation of the monomials of the
Fock operator. We get formulas not only for one-dimensional walks but also for high-
dimensional walks.

Keywords: Quantum random walks; limit distribution; interacting Fock spaces; vacuum
expectation; high-dimensional walks.

AMS Subject Classification: 82B41, 60F05, 46153

1. Introduction

The purpose of this paper is to investigate the limit distributions of quantum ran-
dom walks (QRW’s) on lattice spaces via spectral analysis. The QRW’s initiated
by Meyer,'® have been mathematically developed by many people.>>8 12,14-16,18
Particularly, QRW’s is a tool for quantum algorithms in quantum computations.
We refer to Ref. 21 for comprehensive introduction for QRW’s. In relevance with
quantum information, Accardi and Fidaleo introduced entangled Markov chain for
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a model of QRW’s.? See also Refs. 4 and 19. Konno obtained the limit distributions
by the so-called path integral approach!* !5 (see also Ref. 8 and Katori et al.ll).
On the other hand, the present authors also obtained the limit distributions by
using the Schrodinger approach,'® which was introduced by Ambainis et al.52° In
particular, in Ref. 13 the generator for the evaluation of the QRW was achieved. In
this paper, we illustrate further applications of such a generator.

After getting the limit distributions, we study their moments using spectral
analysis of self-adjoint operators. We define 1-mode type interacting Fock spaces
which are associated with the limit distributions of the QRW’s. Thereby, the char-
acteristic function as well as the moments of the limit distribution are represented
by vacuum expectations of the exponential and monomials of the Fock operator.
This result parallels that of Grimmett et al.® and Katori et al.l!
byproduct, we get a variety of integral transforms. The study for the moments of
the limit distributions of one-dimensional walks naturally leads to high-dimensional
walks. We will show not only the existence of limit distributions but also the for-
mula for the characteristic functions and the moments of the limit distributions for
high-dimensional QRW’s.

This paper is organized as follows. In Sec. 2, we briefly review the QRW’s and
the theory of the 1-mode type interacting Fock spaces, especially for the aspects
related to the moments problem and the orthogonal polynomials for the probability
distributions. In Sec. 3, we develop the spectral analysis associated with the one-
dimensional QRW’s. In Sec. 4, we investigate the limit theory for high-dimensional
walks.

in nature. As a

2. Preliminaries

In this section, we briefly introduce the one-dimensional QRW’s and interacting
Fock spaces.

2.1. One-dimensional QRW’s

We first introduce the definition of one-dimensional QRW’s following Refs. 5, 8, 14,
15 and 20. Then we represent the evolution via a generator. A detailed description
can be found in Ref. 13.

A quantum particle has an intrinsic degree of freedom, called “chirality”, which
is represented by a two-dimensional vector: we can look at it as an element of C?
and call the vectors ((1)) and (?) the left and right chirality, respectively. At time
n € Ng = {0,1,2,...}, the probability amplitude of finding the particle at site x € Z

with chirality state being left or right is given by a two-component vector
Yn(L;2
Un () :( (Li2) € C? (2.1)
1bn(2§x)

After one unit of time the chirality is rotated by an a priori given unitary matrix
U. According to the final chirality state, if the particle ends up with left chirality,
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then it moves one step to the left, and if it ends up with right chirality, it moves
one step to the right. The concrete dynamics is given in the following way: let

1
U= ( ! 2) (2.2)
T2
be a unitary matrix and define

i 1y 0 0
L= and R= . (2.3)
0 0 T T2

Then the dynamics for 1, = (¥, (2))zez is given by
Yny1(x) = Lpp(x + 1) + Rpp(z — 1). (2.4)

We can represent the dynamics in the Fourier transform space. For each = € Z,
let H, := C? be a copy of the chirality space. Let

H =P H. ~1*(Z,C°) ~ 1*(Z) ® C (2.5)

TEZ

be the direct sum Hilbert space, on which the evolutions of QRW’s will be developed.
For each = € Z, let

er(k) = ——=e""  kecK:=(—m,nl, (2.6)

K being understood as a unit circle in R2. The set {e; },ez defines an orthonormal
basis in L?(K). For each k € K, let h;, be a copy of C? and let

. S5}
Hi= / hydk ~ L*(K, C*) ~ L*(K) © C (2.7
K

be the direct integral of Hilbert spaces. The Fourier transform between [?(Z) and
L?(K) naturally extends to a unitary map from H to H by

¥(1;) - b(15k) _
_ H— 1) = N H, 2.8
Y { (1&(2;95)) }IEZ ) ' { (1/’(25 k)) }kGK ) -

where
Uisk) =D w(isz)eq(k), i=1,2. (2.9)
z€Z
Let us denote by T the left translation in ?(Z):
(Ta)(x) =a(lx+1), fora= (a(x))rez. (2.10)

T is a unitary map whose adjoint is the right translation:
(T"a)(x) = a(z — 1), fora= (a(x))sez. (2.11)

The operator T' naturally extends to H = @, ., H. and for the sake of simplicity
we use the same notation 7" for the extension. Given an operator (2 x 2 matrix) B
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on C?, we let

B=FB (2.12)

T€EZ

be the bounded direct sum operator acting on H.
It is easily seen that the dynamics of one-dimensional QRW’s is given by

Yn = (LT + RT*)"o, by € H. (2.13)
If we represent the evolution (2.13) in Fourier transform space it readily reads as

efikll efikZQ
Uk) = N (2.15)

€r €Ty

where

and for each k € K it is a unitary matrix in C2.5-8 11,1320 The probability density
to find out the particle at a site z € Z at time n is

[4on (2)]* = Iwn(1;$)|2 + ¢ (25 2) (2.16)
7zxk
| 7zt

2
_ % {'/: e~k (15 k) dk i 2}. (2.17)

Next we discuss the limit distribution of the QRW’s under a suitable scaling. Let
{Xy(lU;d)O)}nzo be the random variables distributed on the integer space Z according
to the QRW whose evolution is given by (2.13). That is,

P(X{7¥) = 2) = ||y (). (2.18)

+ ’/W e~ "R, (2 k) dk

For a technical reason, we assume that
detU = 1. (2.19)

Here we remark that given a unitary matrix U we first adjust it by multiplying
some phase factor so that (2.19) is satisfied. The distribution (2.18) is not altered
by such an adjustment. The following theorem was first shown by Konno by path
integral method,'* 15 that is in a combinatorial way. Grimmett et al.® and Katori
et al.'! discussed the limit distributions by the method of moments. We refer to
Ref. 13 for a derivation by a Schrédinger approach.

Theorem 2.1. There is a random variable Z{U%0) on the real line such that in
distribution

XT(LU;’LZ)O)
lim = zWUibo), (2.20)

n—o00 n
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If Lilariry # 0, the distribution p(Uivo) of ZWi¥o) has o density function: it is

supported on (—|l1|,|l1]) and has the form:

(U;wo)(y) — Vel Ul g(U;wo>(
(1= y*)VIL? —y?

where g(U?wO)(y) depends on the initial condition. On the other hand, if one of 1 or
ly is zero, then the distribution p(Ui¥0) is a point mass: for 1o = {(iggig )}eez,

(Usbo) (Z |1/10(1;$)|2> o1+ (Z |1/)o(2;x)|2> 51 ifly =0,
pUivo) =

TEZ TEZ

p Y), (2.21)

(2.22)
do if Iy = 0.

When the particle is initially located at the origin, we get a more concrete form of
the limit density function.

Proposition 2.2. Suppose that the initial condition is a qubit state (}),a,b €

C,|al? +|b|? = 1, located at the origin. Then the density of the limit distribution in
Theorem 2.1 in the case lilarire # 0 is given by the following formula.

V1= |lh?

,O(U;wo)(y) = 7r(1 - yz)m(l _ ﬂ(U;wO)y)l(—llu,ul\)(y)
with
B = Jaf> — |b|? + w
1

2.2. Moments of probability distributions
and interacting fock spaces

In this subsection, we briefly introduce the theory of interacting Fock spaces which is
related to the moments of probability distributions via Jacobi coefficients appearing
in the orthogonal polynomials for the distribution. In this paper, we only consider
1-mode type interacting Fock spaces and we will omit “l-mode type” hereafter for
simplicity. For a profound understanding of the interacting Fock spaces, we refer to
Refs. 1, 2, 6, 7 and 17. Here we adopt the notations in Ref. 10.

In quantum probability theory, a real random variable is decomposed into cre-
ation, annihilation, and conservation operators in the sense of stochastic equiva-
lence.!? To say more concretely, let (A, @) be an algebraic probability space, i.e.
A is a x-algebra over C and ¢ is a state, a positive definite linear functional on A
with norm one. Let a € A be a real random variable, i.e. a = a*. Then there is a
probability distribution g on the real line such that

pla™) = /jc 2" u(dr), m=1,2,.... (2.23)
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Let ({wn}, {an})22, be the Jacobi coefficients of u satisfying the three-term recur-
rence relation: for the orthogonal polynomial { P, (z)}>2, associated with p,
Py(x)=1, Pi(z)=2—a1, and
2P, () = Ppi1(z) + apny1 Po(2) + wo P11 (z), n=1,2,....

By using these coeflicients we can define the associated interacting Fock space
(T, {®,}, BT, B~, B°). More precisely, I is a separable Hilbert space and {®,,}> ,
is an orthonormal basis for I'. The operators B®,e = +, —, 0, are defined in the
following way:

(2.24)

B+(I)n:\/wn+1¢)n+17 n:O71a27"'7
B ®y =0, B ®,—= Jo,®n 1, n=12,..., (2.25)
B°®, = api 1Py, n=20,1,2,....

They are called the creation, annihilation, and conservation operators in that order.
In particular, they satisfy

(B+)* =B, (Bo)* — B°.

The vector @ is called the vacuum vector. It is known that (see Ref. 10)

(®g, (BT + B~ + B°)"®) = / 2"u(de), m=1,2,.... (2.26)
Thus we have the relation
p(a™) = (o, (BT + B~ + B°)" ) (2.27)
and a and BT + B~ + B° are said to be stochastically equivalent. By writing
a=B"+ B +B° (2.28)

we call it the quantum decomposition of a.'°

3. Interacting Fock Spaces for QRW’s

In this section, we will construct the interacting Fock space associated with the limit
distribution of QRW’s in Sec. 2.1. Then, we will characterize the “real operator”
which has the corresponding decomposition. In Ref. 9, Hamada et al. investigated
the Stieltjes transform and orthogonal polynomials for the limit distribution of
the QRW’s. They computed the Jacobi coefficients and particularly in the case

of symmetric distribution, they found the concrete form of the coefficients (see
ll l2

Corollary 3.2 of Ref. 9). More concretely, for the unitary matrix U = (,2 ”), in
the case l1lor175 # 0 with (Vi%0) = 0 in Proposition 2.2, they obtained
a, =0, n=1,2,..., and
1— 1121 — /1 —l1]2
w1 =1—+/1—-1l1/? w2=\/ ‘1|(2\/ |1|); (3.1)
l 2
Wp = %7 n > 3.
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Let (I',{®,}, BT, B~, B°) be the interacting Fock space associated with the
limit distribution p(Us%0) in Theorem 2.1. By spectral analysis and the rela-
tion (2.26) we see that for any real number £ € R,

<(I)O,ei5(3++B’+B°)q)0> - / eifzu(U;d"’)(dx). (3.2)

Our aim is to characterize the self-adjoint operator B := B* + B~ + B°. Let

U = (il l2) be the unitary matrix for the one-dimensional QRW. We assume
1 T2

l1lar17m2 # 0. Recall the unitary matrix U (k) in (2.15). Let us diagonalize U (k). Let
0, € K and 05 € K be the unique numbers satisfying

O and Iy = |lp|e®2. (3.3)

Iy =|lle
Then the characteristic equation for U (k) reads:

A2 —2[ly| cos(k — 01)A +1 = 0. (3.4)
Let (k) be the nonnegative symmetric function defined on K = (—, 7] such that

cosy(k) = |l1]cosk, keK. (3.5)

In the sequel (k) is also naturally understood as a periodic function of period 27
defined on R. Then the solutions to (3.4), i.e. the eigenvalues of U (k) are

Ay (k) =0 and  A_(k) := e V=0, (3.6)
The corresponding (normalized) eigenvectors are
1 1
VIl (k=0 4 | Vitla-=0)F 57
an , .
Oz+(k—01) a,(k—él)
Vitlas(k—0P VIt lo (k- 0P
respectively, where
ot (k) = i =92) (|11 | /|1] sink + /1 + (JI1|/]l2] sin k)2). (3.8)
Then U (k) is diagonalized as
ei'y(kfel) 0 .
U(k)=S(k—61) 0 J— Sk —61)", (3.9)
where
1 1
S(k) = VItlog®)F 1+ ]a_ (k)P (3.10)
ay (k) a_ (k) ’ '
VItlog®)F 1+ ]a_ (k)P
which is a unitary matrix itself. Thus we have a representation
U(k) = et R (3.11)
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where H (k) is a self-adjoint operator defined by

v(k —61) 0

H(k) = S(k - 6)) ( .

) S(k—6,)"". (3.12)

The evolution of the QRW can now be denoted by

U (k) = ™) gy (k). (3.13)

Because cos ™! |l;| < v(k) < 7 — cos™! |l1| uniformly for k € K, the operator norm
|H (k)| (as an operator on C2) is bounded by 7 — cos™! |I;| uniformly for k£ € K.
Thus the operator

(&7
H:= /K H(k)dk (3.14)

is a bounded self-adjoint operator on ﬁ, which we call the generator of the QRW.
Let M C B(H) be a Banach subalgebra consisting of the operators of the form

@
A= / A(k)dk, (3.15)
K
where A(k) is a 2 x 2 matrix for each k € K and they satisfy
sup [|A(k)]| < oo,
Then H belongs to M. Let us recall the Pauli matrices {o}7_:
10 0 1 0 —i 1 0
[ 5 g1 = s g9 = s g3 = .
0 1 1 0 v 0 0 -1

By a direct computation, we can rewrite H (k) as

H(k) = ~v(k = 01)S(k — 61)o3S(k — 61)"

vk — 07) ihl k— 01)o, (3.16)
with -
hi(k) = \/1 = (|l1|1/|12| ETYOE (—sin(k + 61 — 02)),
k) = = <|z1|}|12| o401 =), (3.17)
ha(k) = : (—[tal/|io]sin &).

V14 ([li]/]l2] sink)?

The following is a main theorem of this paper.
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Theorem 3.1. Let U be a unitary matriz as above. There is a self-adjoint operator
B € M such that for alln=20,1,2,...,

/ 2" U0 (dz) = (o, B0} 5. (3.18)
The operator B is given by
S5
B= / o/ (k — 6) B(k) dk, (3.19)
K
where B(k) = S(k — 01)o3S(k — 01)*. We notice that
00 if n is even,
B(k) if n is odd.

Furthermore, we can directly express the operators by the components of U: we have
1. _ _ [La[/ll2] sin(k—01)
Yk =0) = o
as B(k) = Z?:l hi(k — 61)o1, where the coefficients hi(k),k = 1,2,3, are given
n (3.17).

B(k)" = (3.20)

and B(k) has an expansion in Pauli matrices

Remark 3.2. The formula (3.18) is another expression for the moments obtained
by Grimmett et al. (see Eq. (19) in Ref. 8) and Katori et al.!!

For the Hadamard walk, since 61 = 0,62 = 7, and |l1] = |l2|, we have a sim-
pler form.

Corollary 3.3. Let U = \%(1 71) be the unitary matriz for the Hadamard walk.
Then the operator B in (3.19) is given by

@
B:/ 7' (k)B(k)dk, (3.21)
K
_ 01—03 __ V2sin k cos k
where B(k) = a(k)—ﬁ b(k)os with a(k) = JriraneE b(k) = vt and we

/ _ sin k .
have ' (k) = W Here again B(k) satisfies the relation (3.20).
Remark 3.4. Since the operator B in (3.18) has a quantum decomposition by the
operators B¢, e = +, —, o, we can expand the right-hand side of (3.19) to get

My = S (B0, B -+ B4 o)z, (3.22)
€

where ¢ = (e1,...,&,) runs over {+,—,0}"™. Thus we can interpret M,, by a
random walk in a graph. Let G = (V, E) be a weighted graph whose vertex set
consists of {®,}°2 ((Py = o) and the edges consist of {E; :=={®;,;41}}5°, and
self loops {E2}5°,. The edges E; has weight w;; and E? has weight ;1. For a
path, we say that it has a weight given by the product of the weights of the edges
that it consists of. Then, M,, is the total sum of the weights of the paths of length
m that start from ®q and arrives at the same point. This combinatoric evaluation
can be obtained by Accardi-Bozejko formula (see Refs. 1 and 10).
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The remaining of this section is devoted to the proof of Theorem 3.1. First we
need the following.

Lemma 3.5. There is a uniform constant M > 0 such that for any k1 and ke in
K we have

1S(k1) = S(ka) || < My — kol
Proof. By mean value theorem, it is enough to show that ||.S’(k)|| < M uniformly

for k € K. We will see the components of S(k) have uniformly bounded derivatives.
We just show the property for S(k)s 2, the (2,2)-component of S(k). The other

components can be done similarly. We have S(k)2,2 = ﬁ From (3.8), it
‘e . . . . z (k) . L
is enough to show that the derivative of the function k — e with z(k) :=
asink — /14 a2sin®k (we have put a = |I1|/|l2|) is uniformly bounded, and in
fact it is bounded by 2a. O

Proof of Theorem 3.1. Recall the random variables {X,(LU;wO)}nZO in (2.18). We
start with the computation of the characteristic functions:

B = 37 e (@)

TEZ
= (n, € Yn)i2(z,02)
= (P, ). (3.23)

We see that @l(k) = @n(k + &) by understanding zZn(k) as a periodic function
of period 27 on the real line. Therefore, we have

(X0 = [ (W (k), Pn(k + €)= dk

o~

= / (to(k), e~ E) il (48 o (k4 €)) 2 dk, (3.24)
where we have used (3.13) in the second line. Notice that E(eiﬁ/"XiU;wO)) converges
to the right-hand side of (3.2) as n goes to infinity. Thus we need to compute the
limit

lim E(e'€/m X277

= lim [ (Qo(k),e ™R mHEHE/m) gk 4 ¢/n))cadk.  (3.25)

Since H(k) = v(k — 61)S(k — 01)o3S(k — 01)*, we have
e—mH(k)emH(k—i-E/n) _ S(k’ _ ol)e—in'y(k—&)ags(k _ 91)*5(/{3 Sy f/n)
x e (k=0148/m)os g — 9, 4 ¢ /n)*. (3.26)
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We use Lemma 3.5 to (3.26) and by dominated convergence theorem we get the
limit in (3.25) as

Jim B/ — [ (), i 00 S 000 SO0 o dk. - (3.21)

Thus we have for the weak limit Z(Vi¥o) of XT(LU;wO)/n
E(e"7") = (do, P o)z, (3:28)

with B defined in (3.19). The first part is now obvious because

/ 2" Uv0) (dg) = (_i)nd_E(eiEZW””O’)

dgn e=0
We easily see from the relation cos~y(k) = |l1] cosk that
l1]/]l2] sin k
~ (k) = [l11/ll2] sin —__ (3.29)
V14 (/1] sin k)
We have already noted in (3.16) that
S(k —61)o3S(k — 61)* Zhl (k—6)o

This gives the second part of the theorem. O

Example 3.6. We consider the Hadamard walk by taking the unitary operator U
in Corollary 3.3. Take an initial condition ¢y = {(?)60(x)}zez, or Yo (k) = L(?)

V2T
Then by Proposition 2.2, we have ;(Vi%0) (dz) = pUi¥o) (z)dz with
1
(Usbo) () = 1 z). 3.30
) = v ) (430)

Denote by M,, = M,,(uV¥0)) = fi{f%xmu(U5¢0)(dx) the mth moment of

M(U;%). On the other hand from Corollary 3.3, we have also the representation
M.y, = (1o, B™10) g, and thus obtaining

1 s
My = — [ en(k)dk, (3.31)

where

sin k " . .
—_—_ if m is even,
( V1 +sin? k)

. k; m-+1

SR if m is odd.
V1+sin?k

Numerical computations give for both integrals

M; = M, = 0.292893, Ms; = M, = 0.116117,
M5 = Mg = 0.049825, . ...

em(k) =

(3.32)
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Remark 3.7. In the above example, we have seen the following integral transform:

AL ™ 1 (7
— —  dzx = — cm(k)dk, m=0,1,2,.... 3.33
™ /_1/\/5 (1 —x)\/l — 222 2m /—rr ( ) ( )

In this way, by changing the unitary matrix U and the initial condition 1y, we have

variety of such integral transforms, which might be useful in some numerical anal-
11

ysis. Katori et al. found a change of variable formula to connect such transforms.
4. High-dimensional QRW’s

In this section, we summarize the arguments of the last sections to develop the
theory of high-dimensional QRW’s. Let d > 1 be any integer and we consider
QRW'’s on Z%. The chiral states are 2d-dimensional vectors and they are rotated
by a 2d x 2d unitary matrix U. For ¢ = 1,...,d, let Ei(i) be the 2d x 2d matrices
defined by

1 if (I,m)=(20—1,2i —1),

0 otherwise,

B (1,m) = {

1 if (I,m) = (21, 29),
0 otherwise.

B (1,m) = {

Define

Z

Notice that for d =1 U1 and U1+) correspond to L and R, respectively, in (2.3).
The quantum walker in Z% moves one step left or right, down or up, bottom or top,
etc. at every unit time according to its chiral state. The d-dimensional QRW'’s are
represented as evolutions on the Hilbert space

H =12, C*") =~ P Ha, (4.2)
z€Z?

where H, is a copy of C??, or equivalently on its Fourier transform space
H = L2(K?,C*%) ~ /Hj hidk, (4.3)
where hy, is a copy of C2¢. The transform between (4.2) and (4.3) is given by
Y = (Y(@))pezs — § = k) pexs;
U(k) = Y ea(k)(@),

€74

where e, (k) = (27)~%2¢*, The one-dimensional evolution of QRW given in (2.4)

extends now as

(4.4)

d

Yner(@) = DU (T @) + U7 (i) (@), €28 (45)
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where T;, i = 1,...,d is the translation in the ith axis:
(Tiv)(x) = (@ 4 uy), (4.6)
with u; the unit vector in the ith axis. As in (2.13), Eq. (4.5) has a solution
d o o n
U = (Z(Uﬁﬂ + Uf”T:)) Yo, (4.7)
i=1

—

where Ui(i) is the extension of Ui(i) to H. If we represent (4.7) in the Fourier
transform space H we get

Uu(k) = Uk)"Po(k), k€ K, (4.8)
where U (k) is the unitary matrix given by
d
Uk) = ("™ E{) et BMU

Jj=1

67ik1

Under a mild condition the techniques of Sec. 3 extend to any higher-dimensional
QRW’s. Let H(k) be the self-adjoint matrix that generates the QRW, i.e. it satisfies
the relation:

U(k) = et R, (4.10)
Our basic Hypothesis is the following:

(H) The eigenvalues and eigenvectors of H (k) are continuously differentiable on
the compact set K9,

In the sequel we assume the Hypothesis (H). Let H(k) be diagonalized as

H(k) = S(k)T(k)S(k)*, (4.11)
where
+P (k)
W k) 0
I'(k) = (4.12)
0 757 (k)
7§ (k)
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is the diagonal matrix of eigenvalues and S(k) is a unitary matrix whose columns
consist of the eigenvectors of H (k). Theorem 3.1 then extends to the d-dimensional
QRW’s. Let XT(LU;%) be the random variable on Z? whose distribution is that of
QRW at time n with initial condition 1y € H.

Theorem 4.1. Assume the Hypothesis (H). Then the sequence of random variables
{X,SU”J’“)/n} converges weakly to a limit Z(Vi¥0) whose characteristic function is
given by the formula:

E(eig.z(U;wo)) _ <1Zo,€i£‘B$0>ﬁ' (4]_3)

For any € € RY, the operator £ - B € B('I'A() is given by

&
¢-B= [ Sk)E¢-VI(k)S(k)*dk, (4.14)
Kd
where
&V (k)
&V ) 0
£-VI(k) = . (4.15)
0 &V (k)
& Vg (k)
Corollary 4.2. Let Z(Ui¥o) = (ZfU;wO), o Z((iU;wo)). Then for any m=(mq, ...,
md) S Ng,
d —~ ~
E(H(ZfW“))’"l) = (b0, B™0) 5, (4.16)
i=1
where
®
B™ = [ S(k)D"T(k)S(k)* dk, (4.17)
Kd
with
d ms
ar(k)\"™
(m) -
DT(k) =[] ( a5, ) : (4.18)

i=1

Proof. It follows from Theorem 4.1 using the relation:

d m|
Us; m; -\ [m 0 i&- 7 WUivo)
E<H<Zf ™) ) ~ ()" S BT (@ag)
iy 1 d =0
where |m| =my + -+ my. O
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Proof of Theorem 4.1. The method of the proof is identical to that of Theo-
rem 3.1. As in (3.25) we have

E(ef/m X0 = / (o (k), eI OO o (k + & /) caadb. (4.20)
K

By (4.11) we have
e~ A k) ginH (k+&/n) — G (k)e ™R S(k)*S(k + &/n)
x e (HE/m) § (4 € /n)*. (4.21)
From the Hypothesis (H) we see that there is an M > 0 such that
1S(k+&/n) — S(k)|| < M||&]|/n for all k € K%, (4.22)

Using this, by dominated convergence theorem we have

. o~

lim E(e’/™ X2y = / d%(k),eiS<k>f-VF<k>S<k> Do(k))cadk.  (4.23)
K

n—oo

The conclusion now immediately follows. |

Example 4.3. (1) In the last section for the one-dimensional QRW, we have seen
in the proof of Lemma 3.5 that if the matrix U satisfies [1lor17ry # 0 then the
Hypothesis (H) is satisfied.

(2) In Ref. 22, Watabe et al. considered two-dimensional QRW with unitary

matrix
-p q VPqg  /Pq
vVPg P9 —4q p

VPG PG P —q
which generalizes the Grover model. They showed that the eigenvalues of U (k)
are Ay = 1, Ay = —1,\3 = €®) N\, = e~ with (k) satisfying
cosy(k) = —(pcosk; + gsinks). (4.25)
The corresponding normalized eigenvectors are
g(e™X; +1)(e™ A +1)(e” 2N +1)
e*2 ) 4+ D)(e ®i); + 1) (e *2 )\ 4+ 1
uj(k):Nj q( ‘J ) VJ ) v J ) L j=1,2,34,
VPg(e®2 ) + 1) (e=*1); + 1) (e + 1)
VPg(e=Fin; + 1) (e N + 1) (e *2 0 + 1)
(4.26)

where N; is the normalization constant. Thus, the generator H(k) has the
following eigenvalues:

Wk =0, ATk =7 W& =qk), W k) = k), (4.27)

1350003-15
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and the unitary matrix S(k) consists of the four column vectors w;(k), j =
1,2,3,4. Obviously, this model satisfies the Hypothesis (H). Thus by Theo-
rem 4.1, we can compute the characteristic function and the mixed moments
of the limit distribution. The detailed computation of the mixed moments was
done in Ref. 22.
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